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Static Response of a Cylindrical Composite Panel with Cutouts
Using a Geometrically Nonlinear Theory

S. T. Dennis* and A. N. Palazottot
Air Force Institute of Technology, Wright-Patterson AFB, Ohio

A geometrically nonlinear static shell theory allowing large displacements and rotations and parabolic
transverse shear is developed. The theory is cast into a total Lagrangian finite-element formulation for
approximate solutions. The approach is then applied to the problem of an axially compressed quasiisotropic
cylindrical shell panel with a cutout up to and beyond collapse. Analytical results compare very well with
experimental findings for both global and local panel response.

I. Introduction

HE nonlinear behavior of axially compressed composite

shell panels has been studied by several investigators.!~!
However, the consideration of the geometric imperfection of a
cutout in the shell structure has been studied primarily by
NASA* and AFIT.6%11.12,14 Analytical models using flat mod-
erate rotation shell finite elements have been able to predict
the panel response accurately except for geometries that have
larger circular* and square!! cutouts. The purpose of this
paper is to apply a unique approach to composite cylindrical
shell panels that have large cutouts. The approach includes
several features of composite shell behavior. Through the
thickness, parabolic transverse shear distribution is assumed
similar to that proposed by Reddy.'¢ Additionally, a simpli-
fied large rotation capability is included. The resulting finite
element is cylindrically shaped, thus capturing shell bending-
membrane coupling.

H. Theoretical Approach

Consider a shell geometry that can be described by orthogo-
nal curvilinear middle surface coordinates, £, and £,, surface
normal ¢, and radii or curvature, R, and R,, as shown in
Fig. 1. A geometrically nonlinear theory governing the shell is
based on the following assumptions:

1) The shell is thin and therefore assume that it is in an
approximate state of plane stress, i.e., the transverse normal
stress, 03=0. This assumption effectively reduces the generally
three-dimensional behavior of the shell so that it can be de-
scribed by the behavior of only a datum surface, this results in
a two-dimensional approach.

2) The transverse shear-stress distribution is parabolic
through the shell thickness and vanishes on the top and bot-
tom surfaces of the shell.

Because the shell is thin, in-plane stresses tend to dominate
the shell response, i.e., the transverse stresses are of lesser
importance. However, it is well-known that laminated flat
plates are significantly influenced by transverse shear defor-
mation. Similar results have been found for laminated
shells.!”!8 Therefore, transverse shear stresses are included in
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the present model, via a two-dimensional approach, whereas
transverse normal stress is not. This approach is consistent
with remarks made by Koiter'® and John® who performed
order-of-magnitude studies on the stresses in general shell
structures. Additionally, their results are seen to hold approx-
imately true in the linear elasticity solutions of both laminated
flat plates by Pagano?' and laminated shells in cylindrical
bending by Ren.??

3) The shell is restricted to small strains and consists of
linear elastic laminated orthotropic material .

4) Exact Green’s strain-displacement relations are assumed
for the in-plane strains, ¢;, €;, and ¢, and linear strain-dis-
placement relations are assumed for the transverse strains e,
and es.

Librescu!” developed a general shell equations based upon
varying approximations in the magnitudes of both strain and
the rotations differential elements undergo during deforma-
tion. A consistent small strain, moderate rotation theory has
nonlinear (not exact) strain-displacement relations for the in-
plane strains yet linear relations for the transverse shear
strains. The present approach can therefore be viewed as a
small strain, simplified large rotation theory due to the exact
in-plane strain assumption together with the linear transverse
strain assumption.

Kinematics

Following the developments in Ref. 18, let the kinematics of
Eq. (1) represent the continuum displacements of the shell,

£i.u

R,

Fig. 1 Shell geometry described by orthogonal midsurface coordi-
nates, £1, &2, and (.
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where the transverse shears are zero on the lateral surfaces and
are parabolic through the shell thickness. (Reddy and Liu*
derive identical general shell kinematics as shown here but use
Sanders shell relations.)

> (1a)

uz(zl,sz,o:v(l—:/R2)+r¢z+r3k<¢1+%;—2> (1b)

w

u1($1,$2,§')=u(1—f/Rl)+§'¢1+§'3k<1//1+

sl
(&4

uz(§1,5)=w (Ic)

where k = —4/3h2; u, v, w, Y., (y=1,2) are functions of mid-
surface shell coordinates £,; ., are bending rotations of the
midsurface normals; ( ),, refers to differentiation with respect
to £,; and «, are square roots of elements of the surface
metric.

Strain-Displacement Relations

The strains are next found via the Green’s strain-displace-
ment relations where, again, exact nonlinear expression repre-
sent the in-plane strains but only the linear displacement terms
are retained for the transverse strains, see Eq. (2). The in-
plane strains, ¢, €, and ¢4, contain algebraically complicated
nonlinear terms in displacement (¢ and k) that are functions
of surface parameters £, and £,. On the other hand, the
transverse strains, ¢4 and es, are linear with respect to displace-
ment and have simple expressions. Each of the strain compo-
nents, ¢ and x, of Eq. (2), are specialized for cylindrical

. P .
coordinates and shown in Ref. 18.

€= e? + §"’K,.p i=1,2,6
p=sum 1to7 (2a)
€= <&+\I/2>(1 +3k) (2b)
o
es= <1’—‘+ ¢1>(1 +3k ) 0
[¢3]

Potential Energy

We consider materials characterized by unidirectional fibers
embedded in a matrix, i.e., transversely isotropic materials.
The shell is composed of layers of this material where each
layer is arbitrarily oriented, and therefore, the constitutive
relations in material axes are transformed into shell midsur-
face coordinate axes as shown below in Eq. (3).

N e

0y On Qi Qs €

o5 = On O € (3a)
Og st €6

{:‘H}k |:Q44 Q45:| k {64}
= i (3b)
Os QOss €s

where the Q;; (i,j = 1,2,6) and Qy,, (m,n = 4,5) are elements of
symmetric arrays of transformed stiffnesses for the kth ply,
and oy and e are measured with respect to shell coordinates &,
(@=1,2) and {.'"® The oy are elements of the second Piola-
Kirchhoff stress tensor.

The total potential energy of the shell II, is given in Eq. (4),
where V represents the work done by external forces. Equa-
tion (4) indicates the complexity of the strain energy of the
shell showing it to be comprised of many squares of the strain
components, ¢ and Kip, due to summations on up to four
different indices. The potential energy is then written in terms
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of an area integral representing the shell midsurface in Eq. (5),
where the { dependence has been integrated by defining a
series of elasticity arrays shown in Eq. (6). In linear analyses,
the elements from L, P, R, S, and T do not appear in I since
they are strictly a result of the assumed nonlinearity. Addi-
tionally, for symmetrically arranged laminates, the elements
of the elasticity arrays associated with odd powers of { are
identically zero since, in the present case, the middle surface,
i.e., the reference surface, is also the plane of symmetry.

1 ~ _ _
I, = 3 LL (€ € Oy + 260 Qukip PP + KpriQyy P+

+ 6(r]n e(r)tan + 252 KmZan ?2 + KnZKmZan §4 dddﬂ +V
C))

where i,j = 1,2,6; p,r =sum 1to 7; m,n = 4,5; Q = shell mid-
surface; and €§ = w,/on + 2, €= w,1/oq + ¥, ke = 3ked,
Ksp = 3k6(5)

1
Hp = Ej‘ {69 E?A,'j + 265) (K,'lBij + K,'2D,'j + K,‘3E,'j + K,‘4F}j
Q

+ k;5Gij + kil + kaliy) + kpkn Dy + 2x5160E;;

+ 2651k + Kjak) Fiy + 2kjiki + wpe3) Gy + Cxjks

+ 2k52:4) Hij + 2(kjkis + Kjokis + K53k Tij + (26067

+ 2650Ki6 + 2Kj3Ki5 + Kjakia) Jij + 2(KjaKi + Kj3Kie

+ Kjakis) Kij + (2kj3x0 + 2x5ak56 + Kjskis) Lij + 2(kjaxiy

+ kjski6) Pij + (2xj5K7 + Kjekis) Rij + 2k56k08;; + Kk Ty
+ %8 Amn + 268 K2 Dpn + KnpkoFpn] AQ + V (5)

[A;;, By, D Ly, P

ijs Hijs Eij’ Fij’ Gij; Hij, Iij, Jijy Kij9 ijs £ijs

Rij’ Sij’ Tij7] = Qij [1’g-’§-2’§-3’§4§-5’§6’§-7’§-8’§8’§-10’
h
LR de (62)

[Amn,Dmman] = j\h an [1y§2a§4] dg‘ (6b)

IIl. Finite-Element Solution

The shell domain is discretized such that the continuum
displacements are approximated by nodal values and interpo-
lation functions. The displacement gradient vector d is defined
based on the unique displacement terms of the strain-displace-
ment relations. As seen in Ref. 18, d is an 18 X 1 array given
in Eq. (7) and Eq. (8) shows the relationship between d and the
vector of nodal displacement unknowns q.

dT:{uu’luﬂUU’l Usp WW,1 Wy Wyp Wi Wepn
¢1 wl,l \[/1,2 ¢2 1f,/Z,l l//2,2] (7)
d=%q ®

where D is an array of interpolation functions and their
derivatives.

The potential energy is then given for the discretized domain
in Eq. (9). The first variation of the energy, 6II,, gives the
equilibrium equations F(q), also shown in Eq. (9). The sym-
metric 18 X 18 arrays K, N,, and N, were defined from Eq. (5)
using a generalization of the approach described by Ra-
jasekaran and Murray.?*
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Fig. 2 36-DOF rectangular shell element. Corner nodes have 7 DOF,
and midside nodes have 2 DOF. Cylindrical axes x-s result from
specialization of ) — £, expressions, respectively.

T Ny N
H,,:q—S‘.DT K+—‘+—3]5Dd9q—qTR
2 Jo 36
N, N
5H,,=6qTS§DT[K+—21+?2]3)qu—6qTR
Q

=06q"F(q)=0 &)

where R is a column array of the nodal loads, K is an array of
constant stiffness coefficients, N, is an array of stiffness coef-
ficients that are linear in displacement, and N, is an array of
stiffness coefficients that are quadratic in displacement.

A rectangular eight-noded curved element has been devel-
oped for cylindrical shells by specializing the above equations
for a cylindrical midsurface; see Fig. 2. The element has 36
degrees of freedom (DOF) and assumes quadratic distribu-
tions for the in-plane displacements u and v, and linear distri-
butions for the bending rotations ¥,. The remaining nodal
DOF, w and its two first derivatives, are interpolated by
nonconforming cubic-shape functions. Although a noncon-
forming element results, it will pass the patch test and there-
fore converges as the mesh is refined. However, monotonic
convergence from a stiffer solution can no longer be expected.
Generally shaped quadrilateral elements pass a ‘‘milder’’ form
of the patch test but convergence is of a lower order. The
elemental interpolations described above represent a simple,
straight-forward application of finite-element principles for
the present II,. As a consequence of these interpolations, exact
integration of the elemental stiffnesses requires 7 X 7 uniform
Gauss integration. However, a uniform 5 X 5 scheme proved
to be much more economical without loss of accuracy, and
hence, was used instead.?%-26

Solutions to the nonlinear equations of Eq. (9) are found via
a Newton-Raphson approach. Equation (9) is linearized by a
truncated Taylor-series expansion resulting in the incremen-
tal/iterative equations shown in Eq. (10). A simple displace-
ment control algorithm allows solutions beyond collapse
points.

Generally, in a large rotation formulation, the applied loads
develop higher-order nonlinear terms. Instead of including
these terms in I1,, solutions presented herein result from pre-
scribing displacement and then the corresponding equilibrium
loads are calculated.

S DT [K + N, +N2] D dQAg = —F(q) (10)
2

A more detailed account of the theory and subsequent
finite-clement casting will appear in Ref. 27.
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IV. Validation of Approach

The approach is verified by comparing present results to
those due to Sabir and Lock® who analytically trace the
equilibrium path of an isotropic cylindrical panel subjected to
a center transverse point load. A 4 X 6 mesh (longitudinal by
circumferential) modeled one quadrant of the panel. Figure 3
shows the transverse response of the center of the panel due to
the point load. As can be seen, the present approach dupli-
cates the referenced results beyond collapse.

V. Cylindrical Quasi-isotropic Shell Panel
with Cutout

The theory is next applied to the shell geometry of Fig. 4.
This type of structure might be found on the fuselage of an
aircraft, for example, and the nonlinear response of the struc-
ture as it is axially compressed is of interest. The theoretical
results are compared to the experimental findings of Tisler.!!
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Fig. 3 Point loaded isotropic cylindrical shell panel response
(E =4.5¢6, v=0.3, R=100 in., # =0.5 in., L =20 in., §=0.1 rad,
8/B =0.05, longitudinal edges hinged, circomferential edges free).

Y A

N

Fig. 4 [0/ +45/90]; panel geometry showing square 4 X 4-in. cutout.
Ply orientation angle &; L, R, arclength =12 in.; h =0.039 in.; mid-
surface displacements u, v, w correspond to coordinate axes, x, s, {,
respectively.
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Tisler also analytically determined the panel response using a
commercially available finite-element package. He found
good agreement between analytical and experimental panel
equilibrium paths except for the panels with a larger cutout,
i.e., greater than 2 X 2 in. The analytical response for panels
with a 4 X 4 in. cutout (Fig. 4) was more flexible than the
experimental response even when assuming overly constrained
boundary conditions in the analytical model. This disagrees
with the expected stiffer analytical response resulting from the
displacement-based finite-element formulation that he used.
Experimental local rotations on the panel with a 4 X 4-in.
cutout were approximately 10 deg, thus perhaps exceeding the
intermediate nonlinear capabilities of the specific finite ele-
ment used and at least partially explaining his differences from
the experiment. These conclusions are consistent with similar
findings of axially compressed composite panels with larger
circular holes investigated by Knight and Starnes.* We, there-
fore, attempt to analytically predict the panel response using
the present simplified large rotational approach.

The orthotropic material properties (Hercules 3501 graphite
epoxy) of the panels tested by Tisler are given in Eq. (11). The
boundary conditions have the bottom edge, i.e., x = 0, com-
pletely clamped; see Fig. 4. The top edge is clamped as well,
only the axial displacement u is prescribed since the analytical
load is input by a uniform axial displacement along the top
edge (x = 12 in). As discussed by Tisler,'""!* the uniform dis-
placement loading better resembles the actual test apparatus
and, additionally, he found that the distinction between uni-
form displacement and uniform loading along the top edge is
very important for the panels with a larger cutout. The
boundary conditions for the vertical edges are simple; how-
ever, posttest inspection of the panels showed evidence that
the circumferential displacement v along these edges was not
totally free as was originally thought. Therefore, the present
analytical results will reflect two set of boundary conditions
for the vertical edges where the circumferential displacement v
is free or fixed. The boundary conditions are shown in Eq.
(12).

E, = 18.844 x 106 psi (11a)
E, = 1.468 X 106 psi (11b)
Gy = Gy3 = 0.91 X 106 psi (11c)
Gy = 0.45 X 106 psi (11d)
vz = 0.28 (11e)
P
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=
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Fig. 6 Panel with 4x 4-in. cutout nonlinear analysis (2 =0.039, v
fixed, P, = total top edge axial force, 4 =12#).

Along x =0:

U=v=w, =W,=¢;=¢,=0 (12a)
Along x = 12:

V=EWw=w,=Ww,o=y,=y,=0 (12b)
Along s =0, 12:

v=w=w, =y, =0 (v fixed) (12¢)
or w=w, =y =0 (v free) (12d)

Initial model validation was based on linear analyses of
several mesh arrangements of the 36 DOF element both with
and without the cutout. Figure 5 shows the final of three
progressively more refined mesh arrangements for the shell
midsurface planform where, although not shown, elements
are actually present within the center square cutout. To model
a 4 X 4-in. cutout, no stiffness is calculated for those elements
within the cutout region. This is done so that an automatic
mesh generator can be used. Additionally, the nodes of those
elements within the cutout not on the cutout border must be
constrained. Calculations were performed on a Cyber 845
digital computer.

When the actual panels were cut, care was taken to ensure
that the corners of the cutout were rounded. In this way, large
stress concentrations would not form at the corners as the
panels were experimentally loaded. Therefore, although the
cutout corners of the analytical model are sharp, mesh refine-
ment is not as severe as that required for a singularity. By
keeping the mesh refinement relatively coarse, an analytical

Table 1 Total top edge compressive force from linear analysis
(1000 u/L =0.8333)

1000P;/AE>
Mesh No cutout 4-in. cutout
8x8 4.340 3.173
12x12 4.323 3.082
20 %20 4.323 3.064

Fig. 5 20x20 mesh for cylindrical panel with 4 X 4-in. cutout.

aCircumferential displacement v fixed along vertical edges. h =0.045 in.
P, =total top edge axial force. A =12h.
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Fig. 7 4Xx4-in. cutout panel nonlinear analysis (2 =0.039, v free,
P, =total top edge axial force, A =12h).

W

0

/\

Fig. 8 Panel planform contour plot of radial displacemelit w/h.

stress singularity cannot develop, hence representing the ac-
tual panels more accurately.

The results of the linear analysis for a prescribed compres-
sive axial displacement along the top edge of u = 0.010 in.
(1000u/L = 0.8333) are shown in the Table 1 for panels with
and without the 4 X 4-in. cutout. For each mesh, the total
nondimensionalized top edge axial force P is shown. Note that
the cutout gives a significantly more flexible panel. The linear
results show that the 20 x 20 mesh results represent converged
solutions. This mesh arrangement is used in the nonlinear
collapse studies as well and is identical to that used in Refs. 9
and 11. A further refinement was not tested because the
20 x 20 mesh already resulted in a large nonlinear problem
(3074 active DOF) and thus, only a limited number of 20 x 20
analyses were performed.

A homogeneous panel, i.e., one with no cutout, of the same
dimensions and material as in Fig. 4, was analytically tested in
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axial compression and compared to known experimental re-
sults. This served as verification of the nonlinear model prior
to the analysis of the panels with cutouts. This initial study
shows that the present formulation does not require a geomet-
ric imperfection to ‘‘trigger’’ the nonlinear response. Appar-
ently, other formulations do not have adequate displacement
coupling between the in-plane and transverse displacements
and therefore, to achieve collapse in perfect panels that are
axially compressed, a numerical imperfection with a small
transverse amplitude must be assumed.? To measure its effect
in this analysis, a small transverse point load was applied at
the panel center such that a small amplitude imperfection
resulted throughout the panel. This had a negligible effect on
the results.

Upon verification of the model, nonlinear collapse of the
panels with the cutout was studied. The global nonlinear re-

X
4 .
1
o -
3 3° 4
s/ 7
o 9] o
1° ,
! ® 4
d 9o« L
29
b 5° g
3° J
S 4
P -
= §

Fig. 9 Panel planform contour plot of bending rotation 1y1! (deg).

600 4 P
,3”
5.00 4 LT RRE
o A
o’ &

1000P, o +
AE,

3.00 4

2001

O A Experimental, 2 tests
_____ v Fixed, 20x20
v Free, 20x20

-1.00 0. 1.00 2.00 3.00
1000 U
L

Fig. 10 Global panel response, nondimensionalized compressive dis-
placement vs nondimensionalized load (2 =0.039, P, =total top edge
load, A = 12h).
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sponse of the panel is indicated by the equilibrium path of
nondimensionalized top edge axial displacement vs nondimen-
sionalized total edge axial load. The results for the 20 x 20
mesh of Fig. 5 are shown in Figs. 6 and 7. Figures 6 and 7 are
those results obtained when the circumferential displacement v
is fixed and free, respectively. In Fig. 6, the 12 x 12 mesh
nondimensionalized collapse load is P = 9.428 (P, = 6477 1b).
The 20 X 20 mesh result had not yet collapsed for the largest
axial compressive displacement shown. However, the results
show that it should collapse for a P less than approximately
7.300 (P, = 5000 1b) based on a crude extrapolation and the
12 x 12 mesh results. In Fig. 7, the 12 X 12 mesh collapses at
P =4.990 (P, = 3428 1b) for no v restraint along the vertical
edges. The load then starts to increase again resulting in a
second collapse at P = 5.489 (P, = 3771 lbs). The two humped
behavior of the 12x 12 mesh in Fig. 7 has been similarly
reported by Knight and Starnes.* The 20 x 20 mesh shows a
collapse load of P = 4.450 (P, = 3057 1b). Figures 6 and 7
show that the circumferential displacement boundary condi-
tion has a fairly significant influence on the collapse load.

Figures 8 and 9 show contour plots of nondimensionalized
radial displacement w/k and bending rotations ¢, (deg) for the
panel planform from the v fixed, 20 X 20 mesh analysis for
P=6.10 (P, = 4194 Ib). As seen, both large displacements
(w/h > 6) and large rotations (¥, > 9 deg) are occuring near the
vertical edges of the cutout. For these regions, the panel is
bowing outward, i.e., away from center of curvature, whereas
the regions of the panel near the horizontal edges of the cutout
are bowing inward. This is consistent with experimental obser-
vations. The analytical results for the above case also indicate
relatively small shear rotations throughout the panel with
maximum values of about 0.2 deg occurring near the simply
supported vertical edges. Although the shear rotations are
small when compared to the bending rotations, they con-
tribute to the overall flexibility of the panel and therefore may
be important degrees of freedom in determining the global
response of the panel.

A final comparison is presented comparing Tisler experi-
mental data and the present analytical results using the 20 x 20
mesh. The experimental results shown in the figures represent
linear variable differential transducer (LVDT) data taken

\
\
6.00 1 \‘
VA A
v © A
1 o
5.0 \ Ao
004 “ Ao
1
A
1000 P, I’ o
4.00 4 ! A o
AEy /
/ A o
/I/ A o
3.00 4 J s o
7/
(-]
J 04
7 A
2.004 P °
] P
o
£ O A Experimental,
1.00 1+ ° 2 tests
. g 5 ..... v Fixed, 20x20
d A A e v Free, 20x20
o
A o | :
T 1 ] T T ¥ T T T T ¥
5 1.0
W

Fig. 11 Local panel response, nondimensionalized radial displace-
ment vs nondimensionalized load for point shown, ¥2” above cutout
edge (7 =0.039, P; =total top edge load, A =12h).
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—+ 6.00
a A o
[}
N Ae ~1-5.00
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AE,
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A 1200
0 A Experimental, 2 tests
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|- 1.00
| ! s ! i ] 1
T T T T T T T T
00 -3.00
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Fig. 12 Local panel response, nondimensionalized radial displace-
ment vs nondimensionalized load for point shown, Y2 " left of cutout
edge (7 =0.039, P, =total top edge load, 4 =12h).

from two panel tests. Figure 10 gives the global panel response
of nondimensionalized top edge axial displacement vs total
top edge axial load. This figure shows an unusual experimen-
tal equilibrium path for axial loads less than approximately
P =1.164 (P, = 800 Ib). For these loads, the LVDT that mea-
sured the panel axial compression as the load was applied was
reading tension. Wilder,?® who used the same test apparatus in
a study of panel delaminations, discovered that this anomaly
was due to an improper attachment of the panel to the loading
structure. For loads above 800 Ib, however, the panel is prop-
erly seated and the data is assumed to be valid.

Also plotted in Fig. 10 are the analytical results from the
present formulation. As can be seen, the experimental panel-
collapse values of approximately P = 5.00 (P, = 3500 1b) fall
between the two analytical predictions. The panel with v free
along the vertical edges predicts a smaller collapse load than
the experimental and when v is fixed, the collapse is higher
than the experimental. This would indicate that the actual
panels were neither fully restrained nor fully free during load-
ing and therefore some movement was permitted. This is
consistent with the experimental observations made by Tisler.

Analytical and experimental results for the local behavior of
the panel are also compared in Figs. 11 and 12. Load-displace-
ment curves are given for the nondimensionalized radial dis-
placement w/k at two points near the cutout edge; see figures.
In the figures, the comparisons for small values of axial load
are poor. However, the comparisons for loads above approx-
imately P = 1.164 (P, = 800 lb) are quite good considering
that we are examining very localized panel behavior. Except
for an initial shift in the experimental data in both figures,
both of the analytical curves match the experimental trends.
This shift in the data may be related to the panel-seating
problem mentioned earlier.

V1. Conclusions

A shell theory that includes parabolic transverse shear and
allows large rotations is applied to an axially compressed
quasiisotropic cylindrical panel with a cutout. The finite-ele-
ment results show good agreement with experimental results
for both global and local panel response. The analytical results
give the expected large rotations near the panel cutout edges
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but indicate small values of transverse shear rotations
throughout the panel.
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